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Abstract
Given a finite, nonabelian, simple group S and labelling π as the set of prime divisors of |S|, a set C of
character degrees of S strongly covers π if some fixed prime divides every member of C and every prime in
π divides at least one member of C. In this article, we classify the simple groups S for which there is such
a set.
When there is such a set, we associate a strong covering number scn(S) with S by letting this be the
cardinality of a smallest set C of degrees which strongly covers π . Finding a set C which strongly covers
π establishes an upper bound on scn(S), but in many cases our set C has minimal cardinality, and so
scn(S) = |C|. In addition, if cd(S) has a subset C which strongly covers π , C can be chosen so |C|  3,
showing scn(S) 3, and we furthermore classify which simple groups have a strong covering number of 3.
For all the sporadic and alternating groups, and several families of groups of Lie type, we calculate the exact
strong covering number. Several consequences of these facts are also presented.
© 2007 Published by Elsevier Inc.
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1. Introduction
Throughout the following, all groups under consideration are finite unless otherwise indicated.
We denote by Irr(G) the set of complex-valued irreducible characters of a group G. The degree
of a character χ is the natural number χ(1) obtained by evaluating the character at the identity
of the group. Throughout this paper, the word “degree” will refer to the degree of an irreducible
character except when indicated otherwise. The character degree set of the group G is the set
cd(G) = {χ(1) | χ ∈ Irr(G)}. When n and N are respectively a natural number and a set of
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π({a, b}) = π(a ·b). For G a group, π(G) = π(|G|) and ρ(G) = π(cd(G)). The basic properties,
notations, and definitions about characters, particularly irreducible characters, can be found in [7]
and [8].
Our focus in this paper is on connections between the group structure of G and the arithmetic
structure of cd(G). The fundamental results pertaining to these connections can be found again
in [7] and [8], as well as in [12]. This article addresses the concept of covers. A set C of natural
numbers is a cover of a set π of primes (equivalently, C covers π ) when π(C) = π . Relating
this to groups, our interest is in which sets C of character degrees of groups G cover ρ(G), and
we focus here on simple groups. A consequence of the Itô–Michler theorem (see Remarks 13.13
in [12]) is that π(S) = ρ(S) when S is a nonabelian simple group. By name, character degree
covers of π(S) for simple groups S were first studied in the papers [1] and [2].
This article parallels that research and looks at the concept of a strong cover. Given a set C
of natural numbers and a set π of primes, C is a strong cover of π (equivalently, C strongly
covers π ) if C covers π and gcd(C) > 1. Our focus here is on which simple groups S have sets C
of character degrees which strongly cover π(S) = ρ(S), and we have the following classification.
Theorem A. Let S be a nonabelian simple group. If S ∼= J1, the first Janko group, then cd(S)
has no subset which strongly covers π(S). If S ∼= PSL2(q) for a prime-power q  4, then cd(S)
has no subset which strongly covers π(S). For any other nonabelian simple group S, cd(S) does
contain a subset C which strongly covers π(S).
Note that the alternating groups A5 ∼= PSL2(4) and A6 ∼= PSL2(9) were addressed above.
Research done in [1] and [2] was to find a smallest set C of degrees of S which covers π(S).
Given a nonabelian group G, the minimal cardinality among sets C ⊆ cd(G) which cover ρ(G)
is referred to as the covering number of G, and is denoted cn(G).
In like manner, we herein prove several results on strong covering numbers. As was done
with the covering number, the strong covering number scn(G) of a nonabelian group G is the
cardinality of a smallest set C of character degrees of G which strongly covers ρ(G), when such a
set C exists. Otherwise, we let scn(G) = ∞ so that scn(G) is defined for all nonabelian groups G.
Obviously, if {x} is an integer singleton which covers a nonempty prime set π , then {x} strongly
covers π . We thus have the following facts about nonabelian groups. The first two are obvious,
and the third readily follows from the other two.
(1) cn(G) scn(G),
(2) cn(G) = 1 if and only if scn(G) = 1, and
(3) scn(G) = 2 implies cn(G) = 2.
The surprise is the next entry, which is proven in Corollary 5.2.
(4) scn(G) = 3 implies cn(G) = 2 when G is simple.
We formally state the second above because the purpose of [2] is to show alternating groups
on n 15 letters have covering numbers of 1. Consulting the Atlas [4], the same holds for 9 of
the sporadic groups. The strong covering number is thus known in all these cases. We expand
upon this idea with the following.
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π(S), then scn(S) 3.
Using the classification of finite simple groups, we present a set of character degrees C which
strongly covers π(S) for each simple group S which has a strong cover, and demonstrate why
cd(S) has no such cover C in the other situations.
2. Historical context
In addition to following naturally the study of covers addressed above, the study of strong
covers also follows from research done on strongly connective subsets of character degrees.
Given sets of natural numbers C ⊆N , where for convenience N \ {1} is nonempty, the set C is
strongly connective for N provided that gcd(C) > 1 and that for each member 1 < n ∈N \ C,
there is a member c ∈ C so that (n, c) > 1. The reason for the use of the word “connective” is that
these concepts were first studied with respect to a graph associated with a set of natural numbers,
called the common-divisor graph. For information about common-divisor graphs on character
degree sets, we suggest [9,11,14,15].
In [16], the author showed that if a nonabelian solvable group G had a related common-divisor
degree graph whose diameter was bounded above by 2, then G has a set C of character degrees
which is strongly connective for cd(G). In generalizing the results from that paper to the arbitrary
case, which is done in [17], the author quickly reduced considerations to those of which simple
groups S had sets of character degrees which strongly covered π(S).
3. Groups of Lie type
To show Theorems A and B hold, we demonstrate various appropriate sets of character de-
grees. In order to do this, we use the classification of simple groups to find appropriate character
degree sets for general families whenever possible. In this section we consider the groups of Lie
type, and start by looking at the groups of exceptional type.
Exceptional type
Lemma 3.1. Let S be a simple group of exceptional type, other than type 2B2
(
q2
)
, over a field
of characteristic p. Then there exists a set C of character degrees of S so that |C| 2, C covers
π(S), and p divides each member of C. Hence, scn(S) 2.
Proof. If S is a Ree group 2G2
(
q2
)
with q2 = 32m+1 and m  1, then the order of S is
q6
(
q4 − 1)(q4 − q2 + 1). Consulting the character table found in Chapter V of [21], the ir-
reducible character ξ4 has degree q2
(
q4 − q2 + 1). In like manner, the character ξ9 has degree
(q
√
3/3)
(
q4 − 1), which is indeed an integer because q√3/3 = 3m. Lastly, these degrees cover
π(S), and share p = 3, the underlying field’s characteristic, as a common divisor.
If S is a Steinberg triality group 3D4
(
q3
)
with q = pm and m  1, then the order of S is
q12(q − 1)2(q + 1)2(q4 − q2 + 1)2(q4 + q2 + 1). Via Table 4.4 in [5], the character ρ2 has
degree 12q
3(q + 1)2(q4 − q2 + 1). Also, χ7,St has degree q3(q − 1)(q4 − q2 + 1)(q4 + q2 + 1).
These degrees cover π(S), and share the characteristic p as a common-divisor.
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(
q2
)
of exceptional Lie type, appropriate degrees can be
found in Table 4 of [10], and Lemma 2.4 of that paper shows these degrees cover π(S) and have
p as a common divisor. 
Next, we deal with the one exception from Lemma 3.1.
Lemma 3.2. If S is of type 2B2
(
q2
)
where q2 = 22m+1 and m 1, the set
{
1√
2
q
(
q2 − 1), q4 + 1
}
is a collection of degrees for S which covers π(S) and has minimal cardinality. The set
{
1√
2
q
(
q2 − 1), (q2 − 1)(q2 − q√2 + 1), (q2 − 1)(q2 + q√2 + 1)
}
is a collection of degrees for S which strongly covers π(S) and has minimal cardinality. Specifi-
cally, cn(S) = 2 and scn(S) = 3.
Proof. The numbers listed above indeed are all positive integers as q
√
2/2 = 2m. Moreover,
S ∼= 2B2
(
q2
)
, and |S| = q4(q2 − 1)(q4 + 1). Since m  1, we deduce both that q√2/2  2
and that q2 − 1  7. Hence, both sets cover π(S). Suzuki’s paper [20] gives the order of S
(§9, Theorem 3), and also lists the character degrees of S as
1 q4 + 1 (q2 − 1)(q2 − q√2 + 1)
q4
1√
2
q
(
q2 − 1) (q2 − 1)(q2 + q√2 + 1)
(§11, Theorem 5). Recall q4 + 1 = (q2 − q√2 + 1)(q2 + q√2 + 1).
It is a straightforward exercise to verify the integers 2, q2 −1, q2 −q√2+1, and q2 +q√2+1
are pairwise relatively prime. Because of this, the first set listed is the only set of degrees with
cardinality 2 which covers π(S), and the two degrees listed are coprime. The nontrivial integer
q2 − 1 divides each of the degrees in the second set, showing this set has a nontrivial common
divisor. We thus see that no smaller set of degrees strongly covers π(S). 
In the above, we have a family of simple groups S where cd(S) contains a subset which
strongly covers π(S), but where cn(S) < scn(S). Throughout this paper, we prove results which
classify the simple groups S for which this occurs, which is done in Corollary 5.2. Accordingly,
we take the time herein to calculate cn(S) when it is known scn(S) = cn(S).
Classical type
We now turn our attention to the classical groups, first looking at the linear groups of rank 2.
As PSL2(2) and PSL2(3) are solvable, we ignore them here.
Lemma 3.3. If S = PSL2(q) for q = 4 or q  7, the character degree set cd(S) contains no
subset which strongly covers π(S). Furthermore, the sets of degrees listed below cover π(S) and
have minimal cardinality in each case.
J.K. McVey / Journal of Algebra 314 (2007) 1–16 5(1) {q, q − 1} when q  7 is a Mersenne prime,
(2) {q, q + 1} when q  17 is a Fermat prime or q = 9, or
(3) {q, q − 1, q + 1} in all other cases.
In particular, if S is of type A1(q) and q  7 is a Fermat prime or a Mersenne prime, or if q = 9,
then cn(S) = 2. Otherwise, cn(S) = 3.
Proof. Throughout this proof, q  4 is a prime-power, and q = 5. The character degree sets for
the rank 2 linear groups S = PSL2(q) are well known to be either {1, q, q − 1, q + 1} when q
is even or {1, q, q − 1, q + 1, (q + )/2} when q is odd, where  is (−1)(q−1)/2. Recall that
PSL2(5) ∼= PSL2(4), so the prime-power 5 is implicitly addressed in the even case, although the
stated degrees occur only if q = 4.
Regardless of whether q is even or odd, the degree q is relatively prime to all other degrees
of S. Therefore, a set of degrees which covers π(S) = π(q(q2 − 1)) must contain q as well as
other degrees. In particular, this shows cn(S)  2. On the other hand, any set which contains
q and some other degree has only 1 as a common divisor, and cd(S) contains no subset which
strongly covers π(S).
Obviously, C = {q, q − 1, q + 1} covers π(S) and {q} is a proper subset of any set of degrees
which covers π(S). Furthermore, cn(S) = 2 implies either C− = {q, q − 1} or C+ = {q, q + 1}
covers π(S). If q is a Mersenne prime, then because q + 1 is a 2-power, q − 1 is even and
π(q +1) = {2} ⊆ π(q −1). Hence, C− covers π(S). Similarly, if q = 9 or if q is a Fermat prime,
then q − 1 is a 2-power, π(q − 1) ⊆ π(q + 1), and C+ covers π(S).
Conversely, suppose either C− or C+ is a set of degrees for S = PSL2(q) which covers π(S),
and label ε = ±1 so that {q, q + ε} covers π(S). Because q is necessarily coprime with q − 1
and q + 1, it follows that π(q − ε) ⊆ π(q + ε). As (q − 1, q + 1) is either 1 or 2, this occurs only
when q − ε is a 2-power.
Catalan’s conjecture, proven for instance in [13], states the only solution to the Diophantine
equation xa − yb = 1 with a, b > 1 is xa = 32 and yb = 23. As q and q − ε are consecutive inte-
gers as well as prime-powers, either q is prime, q − ε is prime, or {q, q − ε} = {8,9}. Recalling
q is necessarily odd, the latter implies q = 9. The case where q − ε is prime does not happen, as
q − ε being even implies q − ε = 2, contradicting the q  4 hypothesis. In the remaining case, q
is prime and q−ε is a 2-power, and this makes q either a Fermat prime or a Mersenne prime. 
Recall the following facts. First, A1(q) ∼= 2A1
(
q2
) ∼= B1(q) ∼= C1(q) was addressed in
Lemma 3.3 above, while there is no D1(q) and no 2D1
(
q2
)
. None of 2A2
(
22
)
, B2(2) ∼= C2(2),
D2(q), or 2D2
(
q2
)
is simple, while A2(2) ∼= A1(7), D3(q) ∼= A3(q), and 2D3
(
q2
) ∼= 2A3(q2).
Together, these imply we need only consider the following classical types:
A2(q),
2A2
(
q2
)
, B2(q) ∼= C2(q) for q  3,
A(q),
2A
(
q2
)
, B(q), C(q) for  3, q  2,
D(q),
2D
(
q2
)
, for  4, q  2.
The basic properties, notations, and definitions relating to groups of Lie type can be found in [3].
Throughout the remainder of this section, we adopt the conventions that S is a simple group of
classical Lie type listed above, q is a prime-power, and G is a simple (infinite) linear algebraic
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and has a derived subgroup (Gσ)′ isomorphic to S, and we identify S with (Gσ)′. Table 1 lists
the various orders |Gσ| and indices |Gσ : S|. These orders and indices can be found in [3] or [4].
When i is any index and χi is an irreducible character of Gσ, let ψi be an irreducible
constituent of (χi)S . Given χi , the character ψi need not be unique, but its degree ψi(1) is.
Corollary 11.29 in [8] states χi(1)/ψi(1) divides |Gσ : S|, so χi(1)/|Gσ : S| divides ψi(1). As a
consequence of this, if |Gσ : S|2 divides χi(1), then π(χi(1)) = π(ψi(1)).
For many of the symplectic and orthogonal groups S, we make use of a particular semisimple
character whose degree is divisible by “most” primes which divide |S|. This character can be
found in Lemma 2.3 in [10]. We denote this character by χs , and list its degree in Table 2. De-
note by ψs an irreducible constituent of (χs)S , and recall once more that χs(1)/|Gσ : S| divides
ψs(1). Other characters regularly used are unipotent characters, and the degrees of the unipotent
characters of Gσ and of S are the same (§12.1, [3]). For further information about unipotent
characters, we refer the interested reader to [3]. Particularly, we use the notation of §13.8 in [3]
for the following symbols of unipotent characters:
α =
(
1  − 1
1
)
, β =
(
1  − 2
1 2
)
, γ =
(
1 2 3
0
)
, δ =
(
1 − 1
−
)
.
Type A(q),  2
Lemma 3.4. Let S = PSL3(q) for q  3. Then each of A=
{
q(q + 1), (q − 1)(q2 + q + 1)} and
B = {(q − 1)2(q + 1), q(q2 + q + 1)} is a set of degrees of minimal cardinality which covers
π(S). Furthermore,
(1) if 2 divides q − 1, then A strongly covers π(S),
(2) if 3 divides q − 1, then B strongly covers π(S), and
(3) if 6 and q − 1 are relatively prime, then the collection
{
q
(
q2 + q + 1), (q − 1)(q2 + q + 1), (q + 1)(q2 + q + 1)}
is a set of degrees of minimal cardinality which strongly covers π(S).
In particular, when S is of type A2(q) with q  3, scn(S) = 2 if (6, q − 1) > 1, and scn(S) = 3
otherwise. In either case, cn(S) = 2.
Proof. Consulting Table 2 of [18], the cardinality of S is 1
d
q3(q −1)2(q +1)(q2 +q +1) where
d = (3, q − 1), and the character degrees are as follows.
1 q2 + q + 1 (q − 1)(q2 + q + 1)
q3 q
(
q2 + q + 1) (q + 1)(q2 + q + 1)
q(q + 1) (q − 1)2(q + 1) 1
d
(q + 1)(q2 + q + 1)
Thus all sets listed above contain degrees of S, and each covers π(S). It remains to show these
share some nontrivial common-divisor when so stated, and that no smaller set covers (or strongly
covers) π(S). Because q, q + 1, q2 + q + 1 are pairwise relatively prime, no singleton subset of
cd(S) covers π(S). If 2 divides q − 1, then 2 obviously divides q + 1, and conclusion 1 follows.
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in conclusion 2 share 3 as a common-divisor, and the second conclusion is proven.
For the final conclusion, note that
(
q − 1, q2 + q + 1) is either 1 or 3 and (q − 1, q + 1) is
either 1 or 2. Hence, when 6 and q − 1 are relatively prime, the four integers q, q − 1, q + 1,
q2 + q + 1 are all pairwise coprime. Accordingly, no set of degrees of cardinality strictly less
than 3 strongly covers π(S), and this verifies conclusion 3, noting q2 + q + 1 13 is a common
divisor. 
Lemma 3.5. Let S be of type A(q) with   3, q  2. Then Gσ ∼= PGL+1(q) has irreducible
characters χ1 and χ2 with degrees
χ1(1) = (q − 1)
(
q2 − 1) · · · (q − 1),
χ2(1) = q
(
q3 − 1)(q4 − 1) · · · (q+1 − 1)
q−1 − 1 ,
making {ψ1(1),ψ2(1)} a set of degrees for S which strongly covers π(S), and scn(S) 2.
Proof. Recall
|S| = 1
d
q(+1)/2
(
q2 − 1)(q3 − 1) · · · (q+1 − 1)
with d = ( + 1, q − 1). That d2 divides χ1(1) implies π
(
ψ1(1) ·ψ2(1)
) = π(χ1(1) ·χ2(1)),
from which it is obvious the stated doubleton covers π(S). Also,
1
d
(
q − 1) 1
q − 1
(
q − 1) 7
is a common factor of both ψi(1). Lastly, χ1 and χ2 can be found as χ1 and χ3 respectively
in [22, Lemma 2.2]. 
Type 2A
(
q2
)
Lemma 3.6. Let S = PSU3
(
q2
) for q  3. Then each of theA= {q(q −1), (q +1)(q2 −q +1)}
and B = {(q −1)(q +1)2, q(q2 −q +1)} is a set of degrees of minimal cardinality which covers
π(S). Furthermore,
(1) if 2 divides q + 1, then A strongly covers π(S),
(2) if 3 divides q + 1, then B strongly covers π(S), and
(3) if 6 and q + 1 are relatively prime, then the collection
{
q
(
q2 − q + 1), (q − 1)(q2 − q + 1), (q + 1)(q2 − q + 1)}
is a minimal set of degrees which strongly covers π(S).
In particular, when S is of type 2A2
(
q2
)
with q  3, scn(S) = 2 if (6, q + 1) > 1, and scn(S) = 3
otherwise. In either case, cn(S) = 2.
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d
q3(q −1)(q +1)2(q2 −q +1) where
d = (3, q + 1), and the character degrees are as follows.
1 q2 − q + 1 (q − 1)(q2 − q + 1)
q3 q
(
q2 − q + 1) (q + 1)(q2 − q + 1)
q(q − 1) (q − 1)(q + 1)2 1
d
(q − 1)(q2 − q + 1)
Thus all sets listed above contain degrees of S, and each covers π(S). It remains to show these
share some nontrivial common-divisor when so stated, and that no smaller set covers (or strongly
covers) π(S). Because q, q − 1, q2 − q + 1 are pairwise relatively prime, no singleton subset of
cd(S) covers π(S). If 2 divides q + 1, then 2 obviously divides q − 1, and conclusion 1 follows.
If 3 divides q + 1 then 3 also divides (q − 2)(q + 1)+ 3 = q2 − q + 1. Hence, the degrees listed
in conclusion 2 share 3 as a common-divisor, and the second conclusion is proven.
For the final conclusion, note that
(
q + 1, q2 − q + 1) is either 1 or 3 and (q − 1, q + 1) is
either 1 or 2. Hence, when 6 and q + 1 are relatively prime, the four integers q, q − 1, q + 1,
q2 − q + 1 are all pairwise coprime. Accordingly, no set of degrees of cardinality strictly less
than 3 strongly covers π(S), and this verifies conclusion 3, noting q2 − q + 1 7 is a common
divisor. 
Lemma 3.7. Let x(3,2) = 30, x(3,3) = 210, and x(4,2) = 330. Then x(,q) is a character degree of
PSU+1
(
q2
)
. In particular, if S is of type 2A
(
q2
) for (, q) ∈ {(3,2), (3,3), (4,2)}, then {x(,q)}
is a singleton subset of cd(S) which strongly covers π(S), and scn(S) = 1.
Proof. These assertions are easily verified through the Atlas [4], and we use the notation of [4]
for the irreducible characters. In particular, the degree of the character χ11 for PSU4
(
22
)
is 30,
and ρ
(
PSU4
(
22
)) = {2,3,5} = π(30). Also, ρ(PSU4(32)) = {2,3,5,7} = π(210) and 210 is
the degree of χ8. Finally, ρ
(
PSU5
(
22
))= {2,3,5,11} = π(330) and χ26(1) = 330. 
Lemma 3.8. Let S be of type 2A
(
q2
)
with  3, q  2, and  + q  7. Then Gσ ∼= PU+1
(
q2
)
has irreducible characters χ1 and χ2 with degrees
χ1(1) = (q + 1)
(
q2 − 1) · · · (q − (−1)),
χ2(1) = q
(
q3 + 1) · · · (q − (−1))(q+1 − (−1)+1)
q−1 − (−1)−1
making {ψ1(1),ψ2(1)} a set of degrees for S which strongly covers π(S), and so scn(S) 2.
Proof. Recall
|S| = 1
d
q(+1)/2
(
q2 − 1)(q3 + 1) · · · (q+1 − (−1)+1)
with d = ( + 1, q + 1). That d2 divides χ1(1) implies π
(
ψ1(1) ·ψ2(1)
) = π(χ1(1) ·χ2(1)),
from which it is obvious the stated doubleton covers π(S). Also,
1 (
q − (−1)) 1 (q − (−1)) 3d q + 1
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in [22, Lemma 2.3]. 
Types B(q) and C(q)
Lemma 3.9. Let S be of type B2(q) ∼= C2(q) for q = 2m and m 2. Then
{
q(q − 1)(q2 + 1), q(q + 1)(q2 + 1)}
is a set of degrees for S which strongly covers π(S); thus scn(S) 2.
Proof. The cardinality of S is q4(q − 1)2(q + 1)2(q2 + 1). As q is even, the center of the sym-
plectic group Sp4(q) is trivial, so S ∼= B2(q) ∼= C2(q) ∼= Sp4(q). Using the notation of Table IV-2
in [6], the irreducible characters χ12(k) and χ10(k) respectively have the stated degrees. The in-
teger q  4 is a nontrivial divisor of each of these degrees, and they obviously cover π(S). 
Lemma 3.10. Let S be of type B2(q) ∼= C2(q) for q  3 and odd. Then
{
q(q − 1)(q2 + 1), 1
2
q2(q + 1)2
}
is a set of degrees for S which strongly covers π(S); thus scn(S) 2.
Proof. The order of S is 12q
4(q − 1)2(q + 1)2(q2 + 1). The irreducible characters χ7(k) and θ1
of G = Sp4(q) are found in the character table in §8 of [19]. From that table, it is readily verified
that the center Z of G is contained in each of their kernels, making these irreducible characters
of G/Z ∼= S. Their degrees are the degrees listed in the set above, respectively. This set covers
π(S), and the degrees in the set share q  3 as a common divisor. 
Lemma 3.11. Let S be of type B(q) or type C(q) for  3, q  2. Then
{
ψs(1), q3
(
q2(−2) − 1)(q2 − 1)(
q2 − 1)2
}
is a set of degrees of S which strongly covers π(S), and so scn(S) 2.
Proof. Recall ψs(1) is divisible by
q − 1
(2, q − 1)
(
q2 − 1)(q4 − 1) · · · (q2(−1) − 1).
The second element is the degree of the unipotent character of Gσ for the symbol α, so when
 = 3 the integer (q2(−2) − 1)/(q2 − 1) 5 thus divides both degrees. When  = 3, the integer
q2 + q + 1 7 is a common divisor. As the order of S is
1
(2, q − 1)q
2(q2 − 1)(q4 − 1) · · · (q2 − 1),
these degrees cover π(S). 
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Lemma 3.12. Let S be of type D4(q) with q  2. Then
{
ψs(1), q6
(
q2 − q + 1)(q2 + q + 1)}
is a set of degrees for S which strongly covers π(S), and scn(S) 2.
Proof. The second element is the degree of the unipotent character for the symbol β , and the
odd integer q2 + q + 1 7 divides both degrees. The integer ψs(1) is divisible by
1(
4, q4 − 1) (q − 1)4(q + 1)2
(
q2 + 1)2(q2 + q + 1),
and the order of S is
1(
4, q4 − 1)q12(q − 1)4(q + 1)4
(
q2 + 1)2(q2 − q + 1)(q2 + q + 1).
Hence, this set covers π(S). 
In both the  = 4 and  > 4 cases, we use the unipotent character associated with the symbol β .
However, the top and bottom row of β are the same if and only if  = 4. It is because of this the
two situations are addressed separately. The formula below does not represent the character’s
degree when  = 4; see subsection Type Dl in §13.8 of [3].
Lemma 3.13. Let S be of type D(q) with  5, q  2. Then
{
ψs(1), q6
(
q−4 + 1)(q2(−3) − 1)(q2(−1) − 1)(q − 1)
(q − 1)3(q + 1)3(q2 + 1)
}
is a set of degrees for S which strongly covers π(S). Hence, scn(S) 2.
Proof. The second element is the degree of the unipotent character for the symbol β , and
q − 1 31 divides both degrees. Recall that the order of S is
1(
4, q − 1)q(−1)
(
q − 1)[(q2 − 1)(q4 − 1) · · · (q2(−1) − 1)],
and that ψs(1) is divisible by
1(
4, q − 1) (q − 1)
(
q−1 − 1)(q − 1)[(q4 − 1)(q6 − 1) · · · (q2(−2) − 1)].
Therefore, this set of character degrees covers π(S). 
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(
q2
)
Lemma 3.14. Let S be of type 2D4
(
q2
) for q  2. Then
{
ψs(1),
1
2
q3
(
q4 + 1)(q2 − q + 1)
}
is a set of degrees for S which strongly covers π(S), and scn(S) 2.
Proof. The second member is the degree of the unipotent character for the symbol γ , and the
odd integer q2 − q + 1 3 is a common divisor. Here, ψs(1) is divisible by
1(
4, q4 + 1)
(
q2 − 1)3(q2 + 1)(q2 − q + 1)(q2 + q + 1)
while S has order
1(
4, q4 + 1)q12
(
q2 − 1)3(q2 + 1)(q4 + 1)(q2 − q + 1)(q2 + q + 1).
Therefore, the stated degrees cover π(S). 
Lemma 3.15. Let S be of type 2D
(
q2
) for  5, q  2. The doubleton
{
ψs(1), q
(
q−2 − 1)(q + 1)
q2 − 1
}
is a set of degrees for S which strongly covers π(S), and scn(S) 2.
Proof. The second member is the degree of the unipotent character for the symbol δ. Here, ψs(1)
is divisible by
1(
4, q + 1)
(
q2 − 1)(q4 − 1) · · · (q2(−1) − 1),
and the order of S is
1(
4, q + 1)q(−1)
(
q + 1)(q2 − 1)(q4 − 1) · · · (q2(−1) − 1).
The set thus covers π(S). When  is odd, the integer
(
q +1)/(q +1) 11 divides both degrees.
When  is even, the integer q + 1 65 divides both degrees. 
4. Sporadic and alternating groups
In this section, we consider sporadic and alternating simple groups, starting with the sporadic
groups. Although the first Janko group J1 has no character degree subset which strongly covers
its prime set, all other sporadic groups do exhibit this behavior.
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(1) scn(J1) = ∞ while cn(J1) = 3,
(2) scn(M11) = 3 while cn(M11) = 2,
(3) scn(S) = 2 for groups S among
M12,M22, J2,M23,HS, J3,M24,McL
He,Ru,Suz,O’N,Co3,Ly, J4,
(4) scn(S) = 1 for S ∈ {Co2,Fi22,HN,Th,Fi23,Co1, (Fi24)′,B,M}.
In particular, a sporadic simple group S has a character degree set which strongly covers π(S)
if and only if S ∼= J1. When this occurs, scn(S) 3.
Proof. For each of the sporadic simple groups except J1, we demonstrate in Tables 3 and 4
the existence of an appropriate subset C of cd(S) which is of minimal cardinality. Listed in these
tables are each sporadic group S except J1, the list of all prime divisors of |S|, and the (prime fac-
torizations of) elements of a minimal strong cover C of π(S). All this information can be found
in the Atlas [4]. For the interested reader, we also list the subscripts of irreducible characters, as
labelled in the Atlas, which have the degrees mentioned in C. Consulting the Atlas, it is straight-
forward tedium to show no smaller subset of cd(S) strongly covers π(S) when scn(S) = 2. The
author did this by first calculating the square-free part of |S|, then verifying no degree was divis-
ible by this number.
From the Atlas, the character degree set of M11 is {1,10,11,16,44,45,55}, so π(M11) is
{2,3,5,11}. Each degree is divisible by at most two primes. As |M11| has four prime divisors,
no set of degrees of cardinality 1 covers π(M11) and no set of cardinality 2 strongly covers
π(M11). On the other hand, the two sets {44,45} and {10,45,55} both cover π(M11). As 5
divides all members of the second set, conclusion 2 follows.
Again from the Atlas, cd(J1) = {1,56,76,77,120,133,209} and π(J1) = {2,3,5,7,11,19}.
Let C be a set of degrees which covers π(J1). The only degree divisible by the prime 3 is 120,
and so 120 ∈ C. There are only two degrees in cd(J1) which the prime 11 divides, and these are
77 and 209. At least one of these is in C for C to cover π(J1), but both 77 and 209 are coprime
to 120. Thus, gcd(C) = 1, proving cd(J1) contains no subset which strongly covers π(J1). Also,
any set C of degrees which covers π(J1) contains either {77,120} or {120,209} as a subset.
Moreso, the set C does not equal either of these because 19 /∈ π(77 · 120) and 7 /∈ π(120 · 209).
Therefore, {56,120,209} is a set of degrees of minimal cardinality which covers π(J1). 
Next are the simple alternating groups. Neither cd(A5) nor cd(A6) contains a subset which
strongly covers the prime set {2,3,5} = π(A5) = π(A6), but these are the only exceptions.
Lemma 4.2. The following hold for the simple alternating groups:
(1) scn(A5) = ∞ while cn(A5) = 3,
(2) scn(A6) = ∞ while cn(A6) = 2,
(3) scn(A7) = 3 while cn(A7) = 2,
(4) scn(An) = 2 for n ∈ {8,9,12,13,14}, and
(5) scn(An) = 1 for all other n.
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occurs, scn(An) 3.
Proof. Because A5 ∼= PSL2(4) and A6 ∼= PSL2(9), alternating groups on 5 and 6 letters were
addressed in Lemma 3.3. For 7  n  13, we list appropriate degrees in Table 3, and leave it
as an exercise to the reader to verify no smaller set of degrees strongly covers π(An). To show
cn(A7) = 2, {10, 21} is a set of degrees for A7 which is a minimal cover of {2,3,5,7} = π(A7).
All degrees for n 13 can be found in the Atlas [4]. For n 15, the stated result is exactly the
main theorem of [2].
For n = 14, with the assistance of Prof. Alvis, a program was run to check all partitions
of 14 to confirm that indeed cn(A14) = 1, so scn(A14) has to be at least 2. Next (and thanks
again are due to Prof. Alvis) consider the character of the symmetric group S14 corresponding
to the partition 3,3,3,3,2 of 14, which has degree 6006 = 2 · 3 · 7 · 11 · 13, and the character
corresponding to the partition 6,5,3, which has degree 15015 = 3 · 5 · 7 · 11 · 13. Neither of these
partitions is self-dual, so both characters restrict irreducibly to A14. 
5. Further results
In this section, we present some consequences of the main results. As was shown in several
instances, the upper bound in Theorem B is in fact best possible. We can extend this result still
further, and classify the simple groups S for which scn(S) = 3.
Corollary 5.1. For S a nonabelian simple group, scn(S) = 3 if and only if S is one of the follow-
ing:
(1) a linear group A2(q) ∼= PSL3(q) where 6 and q − 1 are relatively prime,
(2) a unitary group 2A2
(
q2
)∼= PSU3(q2) where 6 and q + 1 are relatively prime,
(3) a Suzuki group 2B2
(
q2
)∼= Sz(q2) where q2 = 22m+1 and m 1,
(4) the sporadic Mathieu group M11, or
(5) the alternating group A7.
One question that arose in the study of strong covering numbers is: when is the strong covering
number different from the covering number? The main result in [1] is that cn(S)  3 for all
nonabelian simple groups S, so the groups S for which cd(S) has no subset which strongly
covers π(S) fall in this category, and were classified in Theorem A. Applying facts 1 through
3 from the introduction, cn(S) < scn(S) < ∞ implies scn(S) is 3 and cn(S) is either 2 or 3.
Surprisingly, all the groups listed in Corollary 5.1 have covering numbers of 2, which gives the
following two corollaries, and proves the fourth fact in the introduction.
Corollary 5.2. Let S be a nonabelian simple group for which scn(S) < ∞.
(1) If scn(S) = 3, then cn(S) = 2.
(2) If cn(S) < scn(S), then cn(S) = 2 and scn(S) = 3.
(3) In the previous situations, the group S can be found among the groups listed in Corollary 5.1.
Corollary 5.3. If S is a nonabelian simple group with cn(S) = 3, the set cd(S) has no subset
which strongly covers π(S).
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can be further categorized by their covering numbers.
Corollary 5.4. Given a nonabelian simple group S for which scn(S) = ∞, either cn(S) = 2 or
cn(S) = 3. Furthermore, cn(S) = 2 if and only if S is one of the following:
(1) the alternating group A6 ∼= PSL2(9), or
(2) a linear group A1(q) ∼= PSL2(q) where q  7 is either a Fermat or a Mersenne prime.
Table 1
Classical groups (orders and indices)
Gσ |Gσ| |Gσ : S|
A(q)
 2
q(+1)/2
+1∏
i=2
(
qi − 1) (+ 1, q − 1)
2A
(
q2
)
 2
q(+1)/2
+1∏
i=2
(
qi − (−1)i) (+ 1, q + 1)
B(q)
 2
q
2
∏
i=1
(
q2i − 1) (2, q − 1)
C(q)
 2
q
2
∏
i=1
(
q2i − 1) (2, q − 1)
D(q)
 4
q(−1)
(
q − 1)
−1∏
i=1
(
q2i − 1) (4, q − 1)
2D
(
q2
)
 4
q(−1)
(
q + 1)
−1∏
i=1
(
q2i − 1) (4, q + 1)
Table 2
Semisimple character degrees
Gσ χs(1)
B(q)
 2
(
q − 1)
−1∏
i=1
(
q2i − 1)
C(q)
 2
(
q − 1)
−1∏
i=1
(
q2i − 1)
D(q)
 4
(q − 1)(q−1 − 1)(q − 1)
−2∏
i=2
(
q2i − 1)
2D
(
q2
)
 4
−1∏
i=1
(
q2i − 1)
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Alternating and sporadic groups
Groups Primes Elements of C Characters
A7 2,3,5,7 2 · 3, 2 · 5, 2 · 7 2,3,5
A8 2,3,5,7 3 · 7, 2 · 5 · 7 5,14
A9 2,3,5,7 2 · 3 · 7, 23 · 3 · 5 9,14
A10 2,3,5,7 2 · 3 · 5 · 7 11
A11 2,3,5,7,11 2 · 3 · 5 · 7 · 11 31
A12 2,3,5,7,11 2 · 33, 3 · 5 · 7 · 11 3,19
A13 2,3,5,7,11,13 22 · 5 · 11, 3 · 7 · 11 · 13 6,22
M11 2,3,5,11 2 · 5, 32 · 5, 5 · 11 2, 9, 10
M12 2,3,5,11 2 · 3 · 11, 23 · 3 · 5 11, 13
M22 2,3,5,7,11 2 · 7 · 11, 2 · 3 · 5 · 7 7, 8
J2 2,3,5,7 3 · 7, 2 · 5 · 7 4, 8
M23 2,3,5,7,11,23 2 · 5 · 7 · 11, 32 · 5 · 23 10, 16
HS 2,3,5,7,11 2 · 7 · 11, 3 · 52 · 11 4, 13
J3 2,3,5,17,19 24 · 3 · 17, 5 · 17 · 19 9, 13
M24 2,3,5,7,11,23 2 · 5 · 7 · 11, 32 · 5 · 23 10, 14
McL 2,3,5,7,11 3 · 7 · 11, 2 · 5 · 7 · 11 3, 5
He 2,3,5,7,17 27 · 3 · 5, 32 · 72 · 17 12, 17
Ru 2,3,5,7,13,29 23 · 33 · 53, 22 · 5 · 7 · 13 · 29 11, 21
Suz 2,3,5,7,11,13 22 · 7 · 13, 22 · 33 · 5 · 11 3, 9
O’N 2,3,5,7,11,19,31 32 · 11 · 19 · 31, 2 · 34 · 5 · 7 · 31 12, 25
Co3 2,3,5,7,11,23 23 · 32 · 7 · 11, 53 · 11 · 23 13, 22
Co2 2,3,5,7,11,23 23 · 3 · 5 · 7 · 11 · 23 28
Fi22 2,3,5,7,11,13 2 · 3 · 52 · 7 · 11 · 13 24
HN 2,3,5,7,11,19 24 · 32 · 5 · 7 · 11 · 19 29
Table 4
More sporadic groups
Groups Primes Characters
Elements of C
Ly 2, 3, 5, 7, 11, 31, 37, 67 9, 10
2 · 7 · 11 · 37 · 67, 3 · 5 · 31 · 37 · 67
Th 2, 3, 5, 7, 13, 19, 31 39
2 · 3 · 53 · 7 · 13 · 19 · 31
Fi23 2, 3, 5, 7, 11, 13, 17, 23 43
2 · 32 · 5 · 7 · 11 · 13 · 17 · 23
Co1 2, 3, 5, 7, 11, 13, 23 36
22 · 3 · 5 · 72 · 11 · 13 · 23
J4 2, 3, 5, 7, 11, 23, 29, 31, 37, 43 19, 25
3 · 5 · 7 · 11 · 23 · 31 · 43, 2 · 3 · 5 · 7 · 29 · 31 · 37 · 43
(Fi24)′ 2, 3, 5, 7, 11, 13, 17, 23, 29 34
2 · 32 · 5 · 72 · 11 · 13 · 17 · 23 · 29
B 2, 3, 5, 7, 11, 13, 17, 19, 23, 31, 47 65
22 · 33 · 5 · 72 · 11 · 13 · 17 · 19 · 23 · 31 · 47
M 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71 188
27 · 32 · 5 · 74 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71
16 J.K. McVey / Journal of Algebra 314 (2007) 1–16Acknowledgments
The author gratefully acknowledges input and insight from Professors Dean Alvis and
Michael Barry on the alternating groups. The proofs for many of the linear and unitary groups
parallel closely and were motivated by results in [22]. The author graciously thanks Professor
Donald White both for a preprint copy of that paper as well as several conversations pertaining
to character degree sets for various groups of Lie type. The author also expresses his appreciation
to the referee for worthwhile improvements to certain of the proofs.
References
[1] D. Alvis, M. Barry, Character degrees of simple groups, J. Algebra 140 (1991) 116–123.
[2] M. Barry, M. Ward, On a conjecture of Alvis, J. Algebra 294 (2005) 136–155.
[3] R.W. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex Characters, Wiley, New York, 1985.
[4] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups, Oxford University Press,
London, 1984.
[5] D.I. Deriziotis, G.O. Michler, Character table and blocks of finite simple triality groups 3D4(q), Trans. Amer. Math.
Soc. 303 (1987) 39–70.
[6] H. Enomoto, The characters of the finite symplectic group Sp(4, q), q = 2f , Osaka J. Math. 9 (1972) 75–94.
[7] B. Huppert, Character Theory of Finite Groups, Springer-Verlag, Berlin, 1998.
[8] I.M. Isaacs, Character Theory of Finite Groups, Dover, New York, 1994.
[9] M.L. Lewis, An overview of graphs associated with character degrees and conjugacy class sizes in finite groups,
Rocky Muontain J. Math., submitted for publication.
[10] M.L. Lewis, D.L. White, Connectedness of degree graphs of nonsolvable groups, J. Algebra 266 (2003) 51–76.
[11] O. Manz, R. Staszewski, W. Willems, On the number of components of a graph related to character degrees, Proc.
Amer. Math. Soc. 103 (1988) 31–37.
[12] O. Manz, T.R. Wolf, Representations of Solvable Groups, Cambridge University Press, Cambridge, 1993.
[13] P. Miha˘ilescu, Primary cyclotomic units and a proof of Catalan’s conjecture, J. Reine Angew. Math. 572 (2004)
167–195.
[14] J.K. McVey, Bounding graph diameters of nonsolvable groups, J. Algebra 282 (2004) 260–277.
[15] J.K. McVey, Bounding graph diameters of solvable groups, J. Algebra 280 (2004) 415–425.
[16] J.K. McVey, Strongly connective degree sets I: nonabelian solvable quotients, Arch. Math. (Basel) 84 (2005) 481–
484.
[17] J.K. McVey, Strongly connective degree sets II: perfect derived subgroups, Arch. Math. (Basel) 87 (2006) 97–103.
[18] W.A. Simpson, J.S. Frame, The character tables for SL(3, q), SU(3, q2), PSL(3, q), PSU(3, q2), Canad. J. Math. 25
(1973) 486–494.
[19] B. Srinivasan, The characters of the finite symplectic group Sp(4, q), Trans. Amer. Math. Soc. 131 (1968) 488–525.
[20] M. Suzuki, On a class of doubly transitive groups, Ann. Math. 75 (1962) 105–145.
[21] H.N. Ward, On Ree’s series of simple groups, Trans. Amer. Math. Soc. 121 (1966) 62–89.
[22] D.L. White, Degree graphs of simple linear and unitary groups, Comm. Algebra 34 (2006) 2907–2921.
